The discrete spectrum solutions corresponding to dually-charged mesoatom on the space of constant negative curvature are obtained. The discrete spectrum of energies is finite and vanishes, when the magnetic charge of the nucleus exceeds the critical value.
I Introduction
The behaviour of atom-like systems in curved backgrounds were studied by many authors (see, for example, [1] - [10] and references cited there). A lot of papers were devoted to calculations of the curvature-induced energy-level shifts within the framework of the perturbation theory.
In this paper we consider the "motion" of massive charged scalar particle (meson) in the field of static dually-charged nucleus on the space of constant negative curvature. We find the discrete spectrum solutions of the KleinGordon equation (see formulas (3.29) and (3.31)). The discrete spectrum of the mesoatom is finite. The largest principle number N 0 (see (3.26) ) depends on the radius of curvature a and the magnetic charge g m . For sufficiently small values of a or large values of g m the discrete spectrum is empty.
It should be noted that the expression for the energy levels (formula (3.24) of this paper) was obtained earlier in [8] . But the expressions for N 0 and the wave functions in [8] are wrong [10] .
II The model
We consider the space-time R × L 3 (a) with the metric
where
is 3-dimensional space of constant negative curvature (a is radius of curvature) with the canonical metric
We consider a static dually-charged nucleus with the electric charge (−Ze) and a magnetic charge g m , placed in the coordinate origin χ = 0. Let U ⊂ L 3 (a) be a domain with the trivial cohomology group H 2 (U, R) = 0 and {χ = 0} ∈ U. The electromagnetic 4-potential A µ on R × U, corresponding to the nucleus has the following form
is the strength of the electromagnetic field, corresponding to the magnetic charge g m . The relation (2.5) is correct, since due to H 2 (U, R) = 0 any closed 2-form on U is exact, i.e. dF = 0 entails the existence of A such that dA = F . For U = U ± , where
satisfy the relation (2.5).
A massive charged scalar particle (meson), moving in the field of the static dually-charged nucleus, has the following action
µ , ∇ µ is covariant derivative, corresponding to the metric (2.1); the symbol * = ± and A = A ± is a result of substitution of A ± from (2.7) to (2.4); m 0 is mass of the scalar particle and e is its charge (opposite in sign to the nucleus charge). The pair of functions
satisfy the overlapping condition
10)
is a smooth overlapping function. The scalar particle (meson) wave function is a smooth section of a vector C-bundle with the base R × (L 3 (a) \ {χ = 0}).
This section is defined by the pair of functions (2.9), satisfying the condition (2.10). (The function ϕ ± is the representation of the function ϕ|M ± in the local trivialization over M ± ).
The action (2.8) is correctly defined, i.e. the right hand side of (2.8) does not depend on the choice of the symbol * = ± (or equivalently on the choice of local trivialization) if the function Ω (2.11) satisfies the following relation 
In this case
where ϕ 0 = const.
Varying the action (2.8), we obtain the following equation of motion
The Lagrangian, corresponding to the action (2.8), has the following form
where H × H ∼ = T H and T H is tangent vector bundle over the Hilbert space H. This Hilbert space is the configuration space of the Lagrange system. It consists of smooth sections of the monopole vector C-bundle over
The scalar product in H is the following 
III The discrete spectrum solutions
We seek solutions of the equation of motion (2.15) in the following form
where E ∈ C and F ∈ H. The substitution of (3.1) into (2.15) leads to the following relation
and
is the "monopole Laplace operator" [12] on 2-dimensional sphere S 2 ( β is the canonical metric on S 2 ), written in the local trivialization over S 2 * , * = ±, where
}. The operator △ q acts on the sections of the monopole vector C-bundle over S 2 . For q = 0 it coincides with the Laplace operator on S 2 . The spectrum of △ q is well-known [12, 13] , it is discrete and Y qlm are monopole spherical harmonics [13] . For the sake of completeness the explicit expression for Y qlm is presented in the Appendix. The relation (3.5) follows from the representation for
In (3.7) L q is the modified (monopole) momentum operator [13] ( 
The components of the operator (3.8) satisfy the commutation relations
The monopole harmonics Y qlm form a complete orthonormal set (on S 2 ) of the eigenfunctions of the operators ( L q ) 2 and L 
where l and m satisfy (3.6). The equality (3.5) follows from the relations (3.7) and (3.10).
Let F be an eigenfunction of the operators ( L q ) 2 and L 3 q . Then
Substituting (3.13) into (3.2) and taking into account (3.5), we get
14)
The inclusion F ∈ H is equivalent to the convergence of the integral
(this condition follows from (2.18) and (3.13)).
We introduce a new variable x x = 2/(coth χ + 1) (3.16) (0 < x < 1 for χ > 0). Then eq. (3.14), written in x-variable,
has a generalyzed-hypergeometric form [14] . The standard procedure (see, for example [14] ) give the substitution
leading to the hypergeometric equation for the function v = v(x)
and √ re iφ ≡ r 1/2 e iφ/2 , −π < φ ≤ π. Here and below we put the following restriction on Z: Zα < .
The solution of (3.19) may be expressed in terms of hypergeometric func-
where d + , d − are arbitrary constants and
Using the asymptotic formulas for the hypergeometric functions [14] (for x → 0 and x → 1), we find that the function Q, defined by (3.18) and (3.21), satisfies the restriction (3.15), if and only if d − = 0 and
where P (α,β) n (z) is the Jacobi polynomial [14] (see also Appendix).
Solving the equation (3.22) , we get
is the principal quantum number satisfying the unequality and exists, if |q| < |q| 0 . In this case ε = ε(N) = ε(N(n, l, |q|)), where the principal quantum number N is defined in (3.25) and
In (3.28)
(the relations for l 0 and n 0 follow from the unequality (3.26)).
In the initial notations we have the following expression for the energy spectrum
where N < N 0 (a), N 0 (a) > 1/2 and |q| < |q| 0 = |q| 0 (a).
Due to (3.29)
The meson wave function, corresponding to the set of quantum numbers
where C is constant and n, l and m satisfy the restrictions (3.28) and (3.6) correspondingly, κ = κ(l, |q|) and λ = λ(E, a) are defined in (3.20).
Now we show that the parameter E is the energy, corresponding to the meson wave function, appropriately normalized. The energy functional, corresponding to the Lagrangian (2.16), is
The energy is conserved on the solutions of the equation of motion (2.15): 
